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ABSTRACT 
Given a norm on a finite dimensional vector space V, we may consider the group 
of all linear automorphisms which preserve it. The Lie algebra of this group is a Lie 
subalgebra of the endomorphism algebra of V having two properties: (1) it is the Lie 
algebra of a compact subgroup, and (2) it is “saturated” in a sense made precise 
below. We show that any Lie subalgebra satisfying these conditions is the Lie algebra 
of the group of linear automorphisms preserving some norm. There is an appendix on 
elementary Lie group theory. 
Let V be a finite dimensional real vector space; let Aut( V) denote the 
group of linear automorphisms of V and End(V) denote the ring of linear 
endomorphisms of V. For any norm N on V we let GN denote the subgroup 
of Aut( V) consisting of those automorphisms which preserve N: a E GN iff 
a E Aut( V) and N( ax) = N( x ) f or all x E V. We let LN denote the Lie algebra’ 
of GN: A E LN iff A E End( V) and exp( tA) E GN for all real numbers t. 
Our theorem characterizes the sets L which arise this way. We explain 
below how this solves a problem posed and partially resolved by Schneider 
and Turner [5]. 
THEOREM Let L c End( V). Then there exists a norm N on V such that 
L = LN if and only if: 
(1) L is the Lie algebra’ of some compact subgroup of Aut( V) ; and 
*I would like to thank the National Science Foundation for support (contract number 
144-B695). I would also like to thank Hans Schneider for suggesting this problem to me. 
‘See the appendix for the definition. 
‘See the appendix for the definition. 
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(2) L is “saturated” in the sense that any A EEnd;(V) satisfying Ax E Lx 
for all x E V is already an’ element of L. 
Proof. We first verify that LN satisfies (1) and (2). First note that GN is a 
closed and bounded subset of the Euclidean space End(V) and is hence 
compact by the Heine-Bore1 theorem. This proves (1). As for (2), first note 
that L,x (= the set of all Ax as A ranges over LN), is the tangent space to 
the orbit3 of G, through x. Suppose Ax E LNx for all x E V. Then the vector 
field ?= Ax is tangent to the orbits of GN. As these orbits are submanifolds it 
follows that any integral curve to f= Ax remains in the same orbit4; i.e., 
exp( tA)x E GNx for all t. But the points of the orbit G,x all have the same 
norm1 hence N(exp(tA)x) = N(x). A s x is arbitrary it follows that exp(tA) 
E G,,,, whence A E LN, proving (2). 
Now suppose L satisfies (1) and (2) and let G be a connected, compact 
group having L as its Lie algebra. By averaging we may produce a G- 
invariant inner product ( *, * ) on V. Let 11-I) be the associated norm: 
11~11’=(x,x). Let B denote the unit ball of II.II and S its boundary. Thus 
xEBiff Ilxll<landrESiff llxil=l.Thegroupoflinearisometriesof Il.llis 
precisely the set of all a E Aut( V) which preserve B ; it is generally much 
larger than G. We shall construct a convex, balanced (i.e. closed under 
x+ - x) subset I&, of B with non-void interior such that G is the identity 
component of the group of all a E Aut( V) which preserve BN. Such a BN is 
the unit ball of some norm N (see [4], p. 15), whence G is the identity 
component of GN, as required. 
For each x E V, the set of all A such that Ax E Lx is a vector subspace of 
End (V) which we denote by M(x). By (2) th e intersection of all the M(x) as 
x ranges over V is L ; hence some finite subset of the M(x) intersect in L as 
well; i.e., there exist x ,,...,x,,EVsuchthatAELifandonlyifAxiELxifor 
I=1 , . . . , n. By replacing each xj by a suitable scalar mutliple we may arrange 
that llxill = 1. Let 
E=Gx,u... uGx~, 
and let B,,, be the convex hull of E. By enlarging the set {x1,. . . ,x,,} if 
necessary, we may suppose that BN is balanced, convex and with non-void 
interior. As two orbits are either disjoint or identical, it follows that E is a 
finite union of (disjoint) orbits, but note that the list Gx,, . , . , Gx,, may contain 
repetitions. Each orbit is a continuous image of the compact set G, so that E 
is compact. Since we have arranged that llxill = 1, it follows that E C_ S, and 
hence that B,cB. 
3See lemma A6 in the appendix. 
4See Lemma Al in the appendix. 
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By [4], page 132, every extreme point of EN is an element of E. Now B is 
the unit ball in an inner product space, so S is precisely the set of extreme 
points of B. But as E c S and RN c B it follows that every element of E is an 
extreme point of EN. Thus E is precisely the set of extreme points of EN. 
Let N be the norm having EN as its unit ball. It remains only to show that 
L = LN. First choose A E L. Then exp(tA) E G. Hence exp(tA) preserves E 
and therefore (as it is linear) Bv. Thus exp(tA) E GN, so A E LN. Now suppose 
A E LN. Then exp(tA) preserves the convex set BN, and hence (as it is a linear 
automorphism) it also preserves the set E of extreme points of EN. Thus 
exp(tA)xrEE for i=l, Z,..., n, and as any two of the compact sets 
GX r,. . . , Gx” are either disjoint or identical, we have (by continuity) 
exp( tA)xj E Gxj. 
The curve exp(tA)xi lies in the submanifold Gxi; thus its tangent vector at 
t = 0 lies in the tangent space* to Gxi at x1: 
AxiE Lxi, i=l ,. . .,n. 
By construction, this entails A EL, as required. n 
COROLLARY Let D denote the real vector space of n by n diagonal 
matrices with pure imaginary entries and let L be a vector subspace of D. 
Let I denote the n by n identity matrix. Then the following are equivalent: 
(ii) L = L, for some complex norm N on C”; 
(ii) iI e L, and L is the Lie algebra of a torus subgroup of Aut (V); 
(iii) il E L, and L has a basis consisting of ,matrices whose entries are 
rational multiples of i. 
REMARK. The equivalence of (i) and (iii) is Theorem 4.54 of [5]. Indeed, 
according to [2], p. 46, the complex n by n matrices of form iA where A E LN 
are precisely the N-hermitian matrices. 
Proof of Corollary. Recall that a complex norm is a real norm N such 
that zZ E Gv for all complex numbers z on the unit circle-i.e., such that 
I E LN. Now exp(D) is clearly a torus subgroup, and if G is a closed 
subgroup whose Lie algebra is the subset L of D, then its identity component 
is a compact, connected subgroup of the torus exp(D) and is hence itself a 
torus (see [l], p. 15). This proves (i) implies (ii). 
Now L is an abelian Lie subalgebra of End (C), as it is a subspace of D. 
*See lemma A6 in the appendix. 
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Thus L is the Lie algebra of a torus subgroup if and only if L has a basis 
consisting of vectors tangent to circle subgroups. Indeed, if L is the Lie 
algebra of a torus subgroup G, then G is isomorphic to a product of circles, 
and the vectors tangent to the factors form such a basis. Conversely, given 
such a basis A i, . . . ,A, of L, first rescale the Aj so that exp( tAj) = I if and 
only if t is an integer. Then embed the torus R”‘/Zm into Aut( V) by sending 
the m-tuple (t,, . . . , t,) of real numbers modulo one to exp(tiA, + * . . + 
&,A,). The image of this embedding is a torus subgroup having L as its Lie 
algebra. Now an element A of D is tangent to a circle subgroup if and only if 
exp(tA) = Z for some non-zero t, i.e., if and only if the ratio of any two 
non-zero entries of A is rational. Thus the equivalence of (ii) and (iii) is 
evident. 
To prove that (ii) implies (i) we need only check that the saturation 
condition (2) of the theorem is satisfied if L satisfies (ii). Thus suppose 
A E End(C) satisfies Ax E Lx for all x E C”. We must show that A E L. Note 
that we are not allowed to assume that A is complex linear-only that it is 
real linear. 
We first show that A E D. Let ui ( i = 1 
C”; 
, . . . , n) denote the jth unit vector in 
uj is the column matrix with one in the jth place and zeros elsewhere. 
Let Cui denote the complex one-dimensional subspace spanned by ui (it is a 
real two-dimensional vector space). We have a direct sum decomposition 
Clearly r ECZ+ entails Dx CC+ Thus the condition that Ax E Lx c Dx for 
all x entails that A respects the decomposition; i.e., A restricts to a real 
linear transformation of each Cui. Now for x = zut EC+ Dx is the line 
consisting of all vectors orthogonal to x in usual (real) inner product on 
R2 z Cui. Thus the condition Ax E Dx entails that A restricted to Cur is given 
by multiplication by a pure imaginary. Thus A E D as claimed. 
Now choose y EC” with no non-zero co-ordinates. Then the linear map 
D-C” : B+By is an isomorphism. Our assumption that Ax E Lr for all x says 
that Ay is in the image of L by this map. But A ED, and the map is one to 
one. Hence A EL as required. n 
We close with an example illustrating the necessity of the saturation 
condition (2) of the theorem. Let V= R4, which we identify with the 
quaternions. Let G be the group of all orthogonal automorphisms which 
commute with left multiplication by a quaternion: thus a E G if and only if 
ax = xq for some unit quaternion q. Thus G is three dimensional and a 
proper subset of the group 0(4, R) of all orthogonal automorphisms (which is 
six dimensional). Now G acts transitively on each three-sphere centered at 
the origin, and hence the only G-invariant norms on R4 are scalar multiples 
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of the standard norm. For such a norm N, GN = 0(4, R) # G. Thus G is a 
connected compact subgroup of Aut(R4) which is not the identity component 
of the isometry group of any norm. Hence its Lie algebra (which is the space 
of pure quaternions) is not an LN. 
APPENDIX 
This appendix presents enough of the theory of Lie groups to enable the 
general reader to follow the paper. The material presented is kept to a bare 
minimum; we do not even define the concept of “Lie group”. For many of 
the proofs we refer the reader to [l], which is a highly readable text, 
profusely illustrated with examples, written by a topologist for topologists. 
Other texts such as [3] are more complete. A good reference for the 
advanced calculus used in this appendix is [6]. 
Let W be a finite dimensional real vector space. A submanifold of W of 
dimension m is a subset M of W with the property that for every x E M there 
is a neighborhood U of x in W and a diffeomorphism f: U+R”’ X W such 
that 
f(UnM)=R”xO. 
A “diffeomorphism” is a homeomorphism f such that both f and f -’ are 
infinitely differentiable.) For each x EM the set of all k(O), where x(t) is a 
smooth curve lying in M with x(O) = x, is a vector subspace of W of 
dimension m. It is called the tangent space to M at x and is denoted by T,M: 
T,M={k(O)Ix(t)EM,x(O)=x}. 
In the paper we repeatedly used the following 
KEY LEMMA Al. Let Q be open in W, M a s&manifold of W contained in 
Q, v : Q+= W a continuously differentiable vector field on Q, and x(t) a 
solution of the differential equation 1;= v(x). Assume (I) v is tangent to M 
(i.e., v(x) E T,M for x E M); (2) x(O) EM; (3) x(t) E Q is defined for all t; and 
(4) M is relatively closed in Q, Then x(t) EM for all t. 
Proof. First suppose M = R” X 0 C R” X R9 = W. Then o(x) = ( vl( x1, x2), 
t+(x,, x2)), and (1) says that vs(xr, 0) = 0 for all xi E R”, whereas (2) says that 
x(0) = (+I~ 0). Let xl(t) satisfy the differential equation 3i.i = ~r(xi,O) with 
initial condition x,(O) = xia. Then the curve y(t) = (q(t), 0) satisfies the equa- 
tion zj = v( y) with initial condition y(0) = x(O). Hence by the uniqueness 
theorem for ordinary differential equations, we have that x(t) = y(t) for all t 
near 0. 
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Using the definition of submanifold and generalizing by replacing 0 by to 
the above argument shows that the set of t such that x(t) E M is open. It is 
clearly closed, as M is. This proves the lemma. n 
Note that for any finite dimensional real vector space V, the group 
Aut( V) of linear automorphisms of V is an open subset of the vector space 
End(V) of endomorphisms of V. 
THEOREMA~. Let G be a subgroup of Aut(V). Then G is a submanifold 
if and only if G is a (relatively) closed subset of Aut( V). 
For the proof see [l], p. 17, or Chapter 2 of [3]. 
We shall call subgroups G satisfying the two equivalent conditions of the 
theorem closed subgroups For any closed subgroup G we define the Lie 
algebra of G to be the tangent space to G at the identity and denote it by 
L(G). 
LEMMA A3. Let G be a closed subgroup and A E End(V). Then 
AEL(G) if and only if exp(tA)EGforall real t. 
Proof. If exp( tA) E G for all t then A E L(G) as exp( OA) = Z and 
=A. 
t-o 
Conversely, suppose A E L(G), say A = ci(0) where a(t) E G and a(0) = I. Let 
u: Aut(V)+End(V) by u(b) = bA. Then u is tangent to G, as o(b)_= h(O), 
where b(t)=ba(t)EG if bEG. As b=exp(tA) is a solution to b=u(b) 
starting in G, it remains in G (by the key lemma), as required. n 
COROLLARY A4 Let G be a closed subgroup of Aut( V). Then L(G) is a 
Lie subalgebra of End(V). 
Proof. A Lie subalgebra of End(V) is a subspace L of End(V) which is 
closed under brackets: A, B EL implies [A,B] EL where 
[A,B]=AB-BA. 
The corollary follows immediately from the last lemma and the-formula 
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COROLLARY Let G be a closed subgroup of Aut( V). Then exp(L( G)) 
contains a neighborhood of the identity in G. Hence the subgroup of Aut( V) 
generated by exp(L(G)) is the identity component of G. Hence two con- 
nected closed subgroups having the same Lie algebra are identical. 
Proof. By the inverse function theorem the map exp : L+ G restricts to a 
diffeomorphism from a neighborhood of 0 in L onto a neighborhood of 1 in G 
as its derivative at 0 is invertible. To prove the second statement from the 
first see [l] page 13. The third statement follows immediately from the 
second. n 
We remark that G+ L (G) is injective as a map from the closed connected 
subgroups of Aut( V) to Lie subalgebras of End(V). It is not surjective; for 
example, if 
Ad O, 
i 1 0 qi 
where q is real and irrational, then the set of all exp( tA) is a bounded but not 
closed subgroup; the one dimensional Lie subalgebra spanned by A is not the 
Lie algebra of any closed subgroup. However, one can generalize the notion 
of “closed subgroup of Aut( V)” to “Lie subgroup of Aut( V)“, and then 
G--P L( G) is a bijection between the connected Lie subgroups and Lie 
subalgebras. This is not essential for the present paper. See [3] for details. 
The last lemma used repeatedly in the paper is: 
ORBIT LEMMA A6. Let G be a compact subgroup of aut( V), XE G, 
L = L(G), and let Gx denote the orbit of G through x: 
Gx={axlaEG}. 
Then Gx is a s&manifold of V, and the tangent space to Gx at x is given by 
T,(Gx)= Lx. 
Proof Let H be the isotropy subgroup of x in G: 
H={aEGJax=x}. 
Then H is a closed subgroup of G. Let G/H denote the left coset space: 
G/H= {aH:aEG}. 
By [l], p. 21, we can give G/H the structure of a smooth manifold, so that 
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(where p : G-G/H by p(u) = aH) amapf:G/H-+Vissmoothifandonlyif 
f” p : G+ V is. Let f be defined by 
f(aH) = ax. 
Then f is well defined and maps G/H homeomorphically onto the orbit Gx. 
This map is smooth, as f”p(a) = ax is clearly smooth. It is easily checked that 
the derivative of f: G/H+ V is injective. Thus Gx = f( G/ H) is a submani- 
fold by the implicit function theorem. The formula for the tangent space 
follows from 
Ax= $exp(tA)rl . 
t=o 
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